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A long standing question is: In what ways can string theory be useful in understanding the physics of heavy ion collisions? In this note we propose a new way to make non-perturbative estimates of the heavy quark transport coefficients near the critical point as one more step toward answering this question.
The approach will follow the strategy of describing QCD by means of five-dimensional effective string theory. In doing so, we consider a Nambu-Goto string whose action is S = − 1 2πα dτ dσ √ −γ, on a five-dimensional spacetime with a metric
Here x i = (x, y, z). We think of this spacetime as a deformation of the Schwarzschild black hole in AdS 5 space such that the boundary is at r = 0 and the horizon at r = r h . As r approaches the boundary, the metric approaches that of the Schwarzschild black hole with w = 1 r 2 and f = 1 − r r h 4 . In this limit, R becomes the anti-de Sitter radius. We assume that this string model provides a reasonable approximation to the behavior of QCD in the deconfined phase near the critical (crossover) temperature at zero baryon chemical potential [4] . As usual, the Hawking temperature of the black hole is identified with the temperature of the gauge theory dual such that T = 1 4π | df dr | r=r h . We also assume that the plasma is isotropic, and because of this the metric is chosen to be invariant under spatial rotations. Now let us discuss a string attached to an external quark that moves with speed v in the x direction. We assume that the quark bare mass is very large so that the quark is on the boundary at r = 0, as shown in Figure 1 on the left. Then the drag coefficient is calculated from the momentum flow flowing from the boundary to the horizon along the string worldsheet, as originally described in [2] for AdS space. The arguments in the generic (non-conformal) case (1) are similar to those in the AdS case except that the effective string tension [5] , σ eff = w √ f , must be a decreasing function of r on the interval [0, r h ] to have a single solution. If so, then the drag force is given by [6] 
where g = What is puzzling about this trailing string picture is that the string, despite being infinitely long, does not break in the deconfined phase. How can it be possible to avoid breaking? Before answering this question, let us make a detour and discuss the spatial Wilson loops. The properties of those were well studied in lattice QCD [7] . The main point is that the spatial Wilson loops always, even above T c , obey an area law. For the simple case of a rectangular loop, shown in Figure 1 on the right, it means that the asymptotic behavior is given by
Here σ s is the spatial string tension. In the context of AdS/CFT, the spacial Wilson loops were discussed in [8] .
The computation is in fact reduced to finding minimal area surfaces in AdS space. The large distance physics is determined by the near horizon geometry of the black hole so that the spatial string tension is written as a function of r h . This is illustrated in Figure 1 , on the right. By essentially the same arguments, it can be shown that this is the case whenever the factor w in (1) decreasing function of r on the interval [0, r h ] (see, e.g., [9] ). The tension now takes the form
with w h = w(r h ). So far, our analysis has been carried out without any reference to the number of colors, but it is important for what follows to know the explicit form of σ s as a function of T for three colors. We begin by briefly reviewing two parameterizations of the lattice data for pure SU (3) gauge theory (quenched QCD) [10] . The parameterization of [9] 
follows from (4) with w = π . The second parameterization, motivated by the renormalization group equation at two loops [10] , is given by
It has two free parameters, c and Λ. In the left panel of Figure 2 , we compare both parameterizations with the lattice. Obviously, string theory provides the better description near the phase transition point, but becomes worse for higher temperatures where the temperature dependence of the spatial string tension is determined by the renormalization group β-function of gauge theory. It is natural to think of these parameterizations as two complementary descriptions: one for the strong coupling regime and another for weak. Of course, what is of primary importance is the properties of σ s in (2+1)-flavor QCD. For this case [11] there also exists the parameterization motivated by the renormalization group equation at two loops but even simpler than that is
where T c is the crossover temperature. It also has two free parameters, a 0 and a 1 . The essential point to be noticed is that the results obtained for T c are still not very satisfactory. Different observables lead to different numerical outcomes [12] . In the case of the physical strange quark mass and almost physical light quark masses, the temperature dependence of the spatial string tension is shown in the right panel of Figure 2 . We see that the simple parameterization is not bad at all and might be quite useful for practical purposes. However, neither here nor in string theory is it well understood what is going on with the crossover. We believe that these issues are worthy of future study [4] . Now going back to an arbitrary number of colors, we can draw an interesting deduction about the form of the drag force on heavy quarks in the non-relativistic limit (low momenta). To leading order, from the expression (2) we have
where we have used the fact that if v → 0, then r v = r h − 1 4π
In terms of σ s , that means
as follows from equation (4). Then the drag coefficient for heavy quarks is given by
Here M is a heavy quark "kinetic mass". This is our key result which extends that of [13] for w = 1 r 2 to the generic case of w(r), but for low momenta. On the string theory side it is background independent (universal) in the sense that the result holds for the class of five-dimensional geometries such that w √ f and w are decreasing functions of r on the interval [0, r h ]. On the gauge theory side it assumes only that the string models on these geometries provide a reasonable approximation to QCD in the deconfined phase near T c at zero baryon chemical potential.
It is instructive to analyze the behavior of the trailing solution in the presence of an external force. This force will stretch the string a distance ∆x = v∆t over a short time interval ∆t. In the non-relativistic limit, the energy gain of the string is calculated from the near horizon geometry alone and given by ∆E = gw h v∆x. Then, with the help of equation (4), one can show that the effective tension for a string stretched along the horizon is simply σ eff = σ s v. This tension is always non-zero. Therefore, no string breaking occurs and the trailing solution makes sense for theories above T c , with or without dynamical quarks.
Since we do not have a satisfactory framework in which to describe M , we convert the result into the diffusion coefficients via the Einstein relations [1] . So, for low momenta we have
with D s the spatial diffusion coefficient, and
with D the momentum diffusion coefficient. The latter is simply related to the momentum broadening coefficient
. It is of great interest to compare our predictions for the temperature dependence of the diffusion coefficients with other results in the literature. There is an obvious question to be asked at this point. How exact are the formulas (11) and (12)? No real answer will be proposed here. All that we can do is to ask whether those are reasonable from a quantitative point of view. Since string theory usually provides a good approximation in the deconfined phase near the critical point for T c T 3T c [4, 9], we will restrict out attention to this interval. We begin with the spatial diffusion coefficient. It seems an interesting fact that scaling D s with the thermal wavelength of medium λ = 1 2πT leads to a dimensionless quantity which is related to the quantity studied in lattice QCD by 2πT D s = 2π
. And so, let us first consider the case of quenched lattice QCD. A summary of the results is shown in Figure 3 on the left. Both our estimates are substantially of the same order of magnitude as those numerically calculated from two-point correlation functions. However, the lattice results of [14] [15] [16] are currently inconclusive, so it is difficult to draw a definite conclusion on how accurate or inaccurate our predictions are. The situation becomes even more involved if dynamical quarks are present. In this case, the dimensionless quantity is estimated to be in a wide range of 2πT D s 1.5−32 [1, 14] . The right panel of Figure 3 shows some of the estimates close to the lower bound of this range. Ours being on its boundary are in a quite good agreement with the estimate of [14] based on the data measured by PHENIX at RHIC [19] . As seen, the effect of dynamical quarks is two-fold: the obtained values of D s are smaller than those for quenched QCD, and in addition there is a slight decrease in growth with temperature. It is worth noting that like in AdS/CFT the quantity T D s is the same for c and b quarks, but unlike that it is temperature dependent, as expected in QCD. Having discussed the spatial diffusion coefficient, it is straightforward to see what happens to the momentum diffusion coefficient with the help of a simple inversion formula
. In this note we will not dig deep enough into this topic, but for completeness, present our estimates in [14] and the triangle from [15] . The yellow range illustrates the estimate of [16] . The solid and dashed curves represent our estimates based on the formula (11) and the parameterizations of Figure 2 . Right: Full QCD. The upper band and dash-dotted line are resulting from the T -matrix [17] and perturbative QCD calculations with the reduced Debye mass and running coupling [18] . The range preferred by the v2 measured by PHENIX is also shown, as in Figure 6 of [14] . The solid curves represent our estimates obtained from the formula (11) and parameterization of Figure 2 at Tc = 155 MeV (bottom) and Tc = 196 MeV (top). Like in Figure 2 , the yellow band is used to indicate uncertainties. for SU (3). The two bottom curves represent the estimates for quenched QCD, while the two others for (2 + 1)-flavor QCD at Tc = 155 MeV (top) and Tc = 196 MeV (bottom). As before, the yellow band is used to indicate uncertainties.
In conclusion, we have found that near the critical point the drag force coefficient for heavy quarks at low momentum is simply related to the spatial string tension, which so far was a classic non-perturbative probe for the convergence of the weak coupling expansion at high temperatures. Now, new and promising opportunities arise by extracting the diffusion coefficients from lattice simulations or from dimensionally reduced QCD [20] . We believe that our results provide some clue to answering the question posed at the beginning of this note, but still not enough.
